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Abstract
In this note we give a general definition of the gravitational tension in a given asymp-
totically translationally-invariant spatial direction of a space-time. The tension is defined
via the extrinsic curvature in analogy with the Hawking-Horowitz definition of energy.
We show the consistency with the ADM tension formulas for asymptotically-flat space-
times, in particular for Kaluza-Klein black hole solutions. Moreover, we apply the general
tension formula to near-extremal branes, constituting a check for non-asymptotically flat
space-times.
1 Introduction and summary
In this note we give a general definition of the gravitational tension in a given asymptot-
ically translationally-invariant spatial direction of a space-time. The definition is general
in the sense that while it reduces to the correct tension formulas for asymptotically-flat
space-times it can also be applied to non-asymptotically flat space-times. So far, general
tension formulas are known for asymptotically-flat space-times [1, 2, 3, 4] but it has only
been computed in particular cases of non-asymptotically flat space-times [5, 6, 7, 8].
The general definition of gravitational tension is obtained in Section 2 by generalizing
the derivation of the Hawking-Horowitz energy formula [9]. In particular this means that
the tension is defined relative to a reference space-time, thus making it a necessary require-
ment for the applicability of the tension definition to have a sensible choice of reference
space-time. The tension formula is derived by applying the Hamiltonian formalism to a
foliation of the space-time along the spatial direction in which we want to measure the
tension, in analogy with the Hawking-Horowitz energy formula in which the space-time is
foliated along the time-direction.1
In Section 3 we show that the general tension formula correctly reduces to the known
ADM-type expressions [1, 2, 3, 4] for asymptotically-flat space-times. Moreover, following
the work of [1, 2, 3, 4], we present a general Smarr formula that holds in this case and
gives the first law of thermodynamics, including the work term associated to the tension.
We also give the general bounds satisfied by the tension following from the positivity of
gravitational tension [10, 11] and the Strong Energy Condition.
As an illustration of the general tension formula we have included two simple examples
in Section 4. The first example is that of vacuum solutions of higher-dimensional General
Relativity for Kaluza-Klein type space-times, i.e. Minkowski-space times a circle. Of
specific interest are static and neutral solutions with event horizons, which we here call
Kaluza-Klein black holes. We show that one recovers the tension formula for the circle
direction in this case, previously obtained in [3, 4] and used for Kaluza-Klein black holes
in [3, 4, 12].
The second example we consider is that of near-extremal branes of type IIA/B String
theory and M-theory, which are non-asymptotically flat space-times. We show that the
general expression correctly reproduces the known results [5, 8] for the tension along the
spatial world-volume directions. For most of these cases the measured tension is negative
which is natural since the gravitational tension has a dual interpretation as the pressure
of the non-gravitational theory living on the world-volume of the brane.
Since branes and other objects with tensions play a central role in General Relativity,
String/M-theory and holographic dualities between gravitational and non-gravitational
theories, many other applications of the general gravitational tension formula can be en-
1Note that the idea of defining the tension using the Hamiltonian formalism for a spatial direction is
from [1] where it is used to derive a formula for the tension for asymptotically-flat space-times.
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visioned. In a forthcoming work [13], we consider a combination of the two examples
mentioned above, namely near-extremal branes on a transverse circle. This will constitute
a new application of the definition of gravitational tension given in this note.
Finally, we have included three appendices. In the first one we show how to get the
ADM-type tension formula for asymptotically flat space-times from the general tension
formula. In the second one we solve the linearized Einstein equations to show the connec-
tion between the ADM-type expressions for asymptotically-flat space-times and a second
set of expressions that can be derived in this case. The third appendix contains some
details of the proof of the Smarr formula.
2 General definition of gravitational tension
In Section 2.1 we use the Hamiltonian approach for a foliation of the space-time along a
spatial direction to argue for the general definition of gravitational tension for a space-
time. In the process we repeat the derivation of the Hawking-Horowitz formula for energy
[9]. In Section 2.2 we summarize the results of Section 2.1 and write down the explicit
expression for the definition of gravitational tension.
2.1 Hamiltonian approach to definition of energy and tension
In this section we generalize the Hamiltonian approach to defining energy in [9] so that
we also get a general definition of the tension. In order to be pedagogical and complete
part of the following derivation is a repeat of [9]. See also [14] for the formalism used.
The basic idea in the following is to generalize the Hamiltonian approach of [9] so that
we can consider both a foliation of the space-time along a time direction and a spatial
direction. While for a time direction we get the Hawking-Horowitz definition of energy we
get for a spatial direction instead a general definition of tension. The idea of defining the
tension from the Hamiltonian along a spatial direction is from [1] where it is used to get
a general definition of the tension for asymptotically-flat space-times.
The Einstein-Hilbert action for a D-dimensional Lorentzian manifold (M,gµν) with
boundary ∂M is
I =
1
16piG
∫
M
R+
1
8piG
∫
∂M
K , (2.1)
where gµν is the metric on M . Here R is the Ricci scalar curvature and K is the extrinsic
curvature on ∂M . We suppress the integration measures here and in the following. We
could also add matter terms to the action. However, since they in general only include
first order derivatives, these will not be important for defining the energy or tension and
we thus ignore them in this discussion.
In the following we shall use (2.1) to define a Hamiltonian on M with respect to a
given time-like or space-like foliation of M . Subtracting the Hamiltonian on a reference
2
space then gives a natural and general definition of the value of the Hamiltonian which
we subsequently use to define the energy and tension.
Consider a family of codimension one submanifolds {Σx} ofM labeled by the parameter
x ∈ [xmin, xmax], given such that {Σx} is a foliation of M . Consider moreover a vector
field Xµ on M satisfying Xµ∂µx = 1. We can think of X
µ as defining the “flow of x”
throughout the space-time. In the following we consider either the case where the family of
submanifolds {Σx} all are Euclidean and Xµ is time-like (in which case x can be thought
of as a time-coordinate) or the case where {Σx} all are Lorentzian and Xµ is space-like.
Consider now the unit normal nµ of the submanifold Σx, so that n
µnµ = s where s = 1
(s = −1) if Xµ is space-like (time-like). We can then decompose Xµ into parts normal
and tangential to Σx
Xµ = Nnµ +Nµ , (2.2)
defining the lapse function N and shift vector Nµ. The metric on Σx with respect to n
µ
is
g(x)µν = gµν − s nµnν . (2.3)
The extrinsic curvature tensor on Σx with respect to n
µ is
Kµν = Dµnν . (2.4)
We assume the foliation {Σx} of M to be such that the boundary ∂M of M consist of
three separate pieces: The “initial” boundary Σxmin, the “final” boundary Σxmax , and the
“asymptotic boundary” Σ∞, so that
∂M = Σxmin ∪Σxmax ∪Σ∞ . (2.5)
Let rµ be a unit normal vector field on Σ∞. We assume furthermore the foliation {Σx}
of M to be such that nµ is a tangent on Σ∞, i.e. such that r · n = 0. Defining now the
intersections S∞x = Σx ∩ Σ∞ we can foliate Σ∞ by the family of submanifolds {S∞x }.
Note that the data of the metric gµν is contained in (g
(x)
µν , N,Nµ) and vice versa. To
obtain the Hamiltonian corresponding to the flow of x, we now rewrite the action (2.1) in
terms of the latter.
Defining Gµν = Rµν − 12gµνR we have
R = 2s(Rµν −Gµν)nµnν , 2Gµνnµnν = −sR(x) +K2 −KµνKµν , (2.6)
Rµνn
µnν = K2 −KµνKµν −Dµ(nµDνnν) +Dν(nµDµnν) , (2.7)
so that
R = R(x) + s[K2 −KµνKµν ]− 2s[Dµ(nµDνnν)−Dν(nµDµnν)] , (2.8)
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for a given submanifold Σx. The last two terms here are boundary terms and combining
with the extrinsic curvature term we get the boundary action
8piGIbd =
∫
∂M
K − s
∫
M
[Dµ(n
µDνn
ν)−Dν(nµDµnν)] . (2.9)
For the contribution on the Σxmin and Σxmax part of ∂M (with normal vectors −nµ at
Σxmin and n
µ at Σxmax) we have
−
∫
Σxmin
[gµνDµnν − s(n · n)Dνnν ] +
∫
Σxmax
[gµνDµnν − s(n · n)Dνnν ] = 0 . (2.10)
Here the last term in (2.9) does not contribute since nνn
µDµn
ν = 0 because n is unit
vector.
For the contribution from the boundary at infinity Σ∞ (with normal vector rµ) we
have on the other hand ∫
Σ∞
[gµνDµrν + s rνn
µDµn
ν] , (2.11)
since the second term in (2.9) does not contribute because r · n = 0. After integrating by
parts the second term in this expression we can write this as∫
Σ∞
[gµν − s nµnν]Dµrν . (2.12)
We recognize now g
(x)
µν = gµν − s nµnν as the metric on Σx so that the integrand of (2.12)
is nothing but the extrinsic curvature K(D−2) = (g(x))µνD
(x)
µ rν of the surface S
∞
x in Σx.
Here D
(x)
µ is the covariant derivative in Σx. We get thus that (2.9) can be written as
8piGIbd =
∫
dxN
∫
S∞x
K(D−2) . (2.13)
Using the above we can therefore write the action (2.1) as
I =
1
16piG
∫
dxN
[∫
Σx
(R(x) + s[K2 −KµνKµν ]) + 2
∫
S∞x
K(D−2)
]
. (2.14)
We now further rewrite the bulk part of (2.14)
Lbulk =
√
g(x)
(
R(x) + s[K2 −KµνKµν ]
)
, (2.15)
to a form appropriate for extracting the Hamiltonian. For this we introduce the canonical
momentum
pµν ≡ 1√
g(x)
piµν =
1√
g(x)
∂Lbulk
∂g˙
(x)
µν
, (2.16)
with
g˙(x)µν = (g
(x)) ρµ (g
(x)) σν LXgρσ , (2.17)
and use that the extrinsic curvature Kµν is related to g˙
(x)
µν by
Kµν =
1
2N
[
g˙(x)µν − 2D(x)(µ Nν)
]
. (2.18)
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Then we can write
Lbulk =
√
g(x)
(
pµν g˙(x)µν − [−sNH+NµHµ]− 2Dµ(Nνpµν)
)
, (2.19)
where the Hamiltonian constraints are given by
H = R(x) + pµνpµν − 1
D − 2p
2 , Hµ = −2Dµpµν , (2.20)
with p = pµ
µ. The last term in (2.19) will contribute an extra boundary term giving the
action
I =
1
16piG
∫
dx
[∫
Σx
(
pµν g˙(x)µν − [−sNH +NµHµ]
)
+ 2
∫
S∞x
(
NK(D−2) −Nνpµνrν
)]
.
(2.21)
From this action we can extract the Hamiltonian
H =
1
16piG
∫
Σx
[−sNH +NµHµ]− 1
8piG
∫
S∞x
[NK(D−2) −Nνpµνrν ] . (2.22)
Now, in order to define the physical Hamiltonian we must choose a reference back-
ground. Thus, given the space-time manifold (M,gµν) we choose a space-time manifold
(M, (g0)µν) as the reference background such that gµν = (g0)µν on the boundary Σ
∞.2
The requirement that gµν and (g0)µν coincide on Σ
∞ can be relaxed to an approximate
agreement, provided the approximation becomes exact as Σ∞ recedes to infinity. We
require furthermore that Xµ is a Killing vector on (M, (g0)µν), i.e. that LX(g0)µν = 0.
Since (M, (g0)µν) is invariant under translations in x, the momenta and the constraints
vanish, and the physical Hamiltonian H −H0 becomes
H −H0 = 1
16piG
∫
Σx
[−sNH+NµHµ]− 1
8piG
∫
S∞x
[
N
(
K(D−2) −K(D−2)0
)
−Nνpµνrν
]
,
(2.23)
where K
(D−2)
0 is the extrinsic curvature of S
∞
x in the reference space (M, (g0)µν), with the
appropriate choice of labelling of slices so that N0 = N .
We then define the energy or tension associated to translations in x (time or space) as
− 1
8piG
∫
S∞x
[N(K(D−2) −K(D−2)0 )−Nνpµνrν ] . (2.24)
2.2 General formulas for energy and tension
We now write down the general formulas for energy and tension that follow from (2.24)
in more detail.
Consider first a time-like Xµ, which means that s = −1, i.e. the submanifolds {Σx} are
Euclidean. Then x is a time, and we can then define the energy/mass for the space-time
(M,gµν) with respect to the static space-time (M, (g0)µν) as
E = − 1
8piG
∫
S∞x
[N(K(D−2) −K(D−2)0 )−Nνpµνrν ] , (2.25)
2If we include matter fields φi we also need that (φ0)i = φi on Σ
∞.
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where Xµ = Nnµ + Nµ. Note that (M,gµν) is required to be approximately static at
infinity in this case. This formula (2.25) is of course the Hawking-Horowitz formula of [9].
Consider instead now a space-like Xµ, which means that s = 1, i.e. that the submani-
folds {Σx} are Lorentzian. Then x is a space direction and we can define the tension using
(2.24). However, we would like to cancel out the integration over the time. Assuming that
the space-time (M,gµν) is stationary we can consider some time-function t ∈ [tmin, tmax]
for M defining a time-interval ∆t = tmax − tmin. Thus, dividing by the time interval ∆t
will cancel the integration over the time-function t, and we define therefore the tension as
T = − 1
∆t
1
8piG
∫
S∞x
[F (K(D−2) −K(D−2)0 )− F νpµνrν ] , (2.26)
where we have used the notation Xµ = Fnµ + Fµ. Note that (M,gµν) is required to be
approximately translationally invariant along x at infinity in this case. The tension T in
(2.26) is the tension along the x direction.
3 Asymptotically-flat space-times
In this section we first explain that the general results (2.25), (2.26) reduce to the known
ADM-type formulas for mass and tension in asymptotically-flat space-times. We then
present in Section 3.2 the general Smarr formula and the first law of thermodynamics.
3.1 Total mass and tension for asymptotically-flat space-times
In Ref. [9] it was shown that the expression (2.25) for the mass correctly reduces to the
ADM mass for asymptotically-flat space-times [15]
M =
1
16piG
∫
S∞t
dSm(∂nhmn − δnl∂mhnl) . (3.1)
Here g
(t)
mn = δmn+hmn is the (D−1)-dimensional metric as defined in (2.3) when foliating
the space-time along the time t. We assume for simplicity here that the background metric
is δmn. The indices m,n, l run over the D − 1 directions perpendicular to t.
In Appendix A we show that for an asymptotically-flat space-time the general tension
formula (2.26) reduces to the ADM-type formula
T = 1
16piG
∫
Sˆ∞z
dSm(∂nhmn − ηnl∂mhnl) . (3.2)
Here g
(z)
mn = ηmn+hmn is the (D−1)-dimensional metric as defined in (2.3) when foliating
the space-time along the spatial direction z. We assume for simplicity here that the
background metric is ηmn = diag(−1, 1, ..., 1). The indices m,n, l run over the D − 1
directions perpendicular to z. Note that in going from (2.26) to (3.2) we have cancelled
the ∆t factor by integrating over the time at infinity
∫
dt = ∆t, so that the remaining
integration is over Sˆ∞z = S
∞
z /∆t. The tension formula (3.2) agrees with the one in [1, 2].
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The equations above provide a nice set of covariant expressions for the mass and
tension(s) in asymptotically-flat space-times with one (or more) space-like isometries at
infinity. However, by solving Einstein equations at infinity where the gravitational field is
weak and using the principle of equivalent sources3 it is possible to reduce to even simpler
expressions. The derivation, which builds on [2, 3, 4] is given in Appendix B.
The result is derived for the case of a D-dimensional space-time with coordinates t,
za, a = 1, . . . , k, xi, i = 1, . . . ,D − k − 1 and r2 = ∑D−k−1i=1 (xi)2 is the radial coordinate
in the transverse space. Beyond the time translation Killing vector ∂/∂t, we assume in
addition that ∂/∂za are asymptotic Killing vectors. We consider each of the directions z
a
to be compactified on a circle with circumference La. Finally, the space is taken to be
asymptotically flat, so that the spatial part of the metric at infinity is RD−k−1×Tk, where
T
k ≡ (S1)k is a rectangular k-torus with volume Vk =
∏k
a=1 La.
The mass M and tensions Ta in each of the compact directions are then given by4
M =
VkΩD−k−2
16piG
[
(D − k − 2)ct −
∑
a
ca
]
, (3.3)
Ta = VkΩD−k−2
16piGLa

ct − (D − k − 2)ca −∑
b6=a
ca

 , a = 1, . . . , k , (3.4)
where ct and ca are the leading corrections of the metric at infinity
gtt = −1 + ct
rD−k−3
, gaa = 1 +
ca
rD−k−3
, a = 1, . . . , k . (3.5)
These equations enable one to measure the mass (3.1) and tension (3.2) for the class of
space-times defined above in terms of the asymptotics of the metric.
It is important to realize that not all values of M and Ta correspond to physically
reasonable matter. Just like we demand that M ≥ 0, we also have bounds on the tensions
Ta. In the general framework of this section we have the bounds
M ≥ 1
D − 3
∑
a
LaTa , Ta ≥ 0 . (3.6)
The first bound follows from the Strong Energy Condition which basically states that any
physically sensible source for the gravitational field can not be repulsive. In terms of the
energy-momentum tensor it is the statement that T00 +
1
D−2T
µ
µ ≥ 0. Integrating this
relation over the space-like directions and using (B.8), (3.8) then gives the stated result.
The bound Ta ≥ 0 (for a given a) corresponds instead to the statement that the tension
can not be negative, as proven in [10, 11].
3The principle of equivalent sources is the principle that any source of gravitation affecting the asymp-
totic region the same way should also have the same values for the physical parameters associated with
the sources of the gravitational field.
4Here Ωl = 2pi
l+1
2 /Γ
(
l+1
2
)
is the volume of the unit l-sphere.
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3.2 Smarr formula and first law of thermodynamics
We can push our general considerations further by splitting up the energy-momentum
tensor as the sum
Tµν = T
gr
µν + T
mat
µν , (3.7)
where T grµν is the energy-momentum tensor of the gravitational field relative to the D-
dimensional flat background and Tmatµν the contribution of additional matter, such as scalar
fields or p-form gauge potentials (see also Appendix B).
Using now the principle of equivalent sources, we assume in the following that our
space-time is everywhere nearly flat. We can then write the mass M and tension Ta as
M =
∫
dD−1xT00 , Ta = − 1
La
∫
dD−1xTaa , a = 1, . . . , k . (3.8)
where La is the size of the a’th direction.
Using instead the matter energy-momentum tensor Tmatµν we can write the matter
contributions to the mass and tension denoted by Mmat and T mata respectively, as
Mmat =
∫
dD−1xTmat00 , T mata = −
1
La
∫
dD−1xTmataa , a = 1, . . . , k . (3.9)
Consider now again the class of space-times for which (3.3), (3.4) was derived, and
assume in addition the presence of a single connected event horizon. Then, following
[2, 3, 4], it is possible to derive a generalized Smarr formula. For completeness, the
derivation is given in Appendix C. Here we present the general Smarr formula (C.7) in
the simple form
(D − 2)TS =
(
D − 3−
∑
a
na
)
(M −Mmat) , (3.10)
where we have introduced the relative tensions
na ≡ La(Ta − T
mat
a )
M −Mmat , a = 1, . . . , k , (3.11)
generalizing the relative tensions introduced in [3].5 Note that (3.10), (3.11) depend only
on the gravitational contribution to the mass and tensions.
We also give the generalized first law of thermodynamics for this class of space-times,
δM = TδS +
∑
a
T effa δLa , (3.12)
showing that the effective tension in each compact direction
T effa = Ta − T mata , (3.13)
5Note that the relative tension na along a direction was denoted relative binding energy in [3] since the
tension also can be viewed as a binding energy along the particular direction. Here we adopt a different
nomenclature since it is conventional to denote the quantity measured in (2.26) as the tension.
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is governed by the gravitational part of the tension. The first law can be for example
obtained by combining the Smarr formula (3.10), with scaling relations and using Euler’s
theorem [2]. It also correctly reduces to the first law obtained in [3, 4] for the case of
neutral black objects on the cylinder.
Finally, we note that while we still impose the bounds (3.6) on the tensions Ta, we can
in fact now use the above to obtain stronger bounds on our physical variables. This is
because the energy-momentum tensor in (3.7) is a sum of a gravitational part and a matter
part and we require these bounds to hold independently for both of the two contributions.
The reason for this is that we expect both the matter part and the gravitational part
to behave in a physically sensible fashion. Since the matter usually obeys the bounds by
construction we can extract some stronger bounds on our physical variables by considering
the gravitational part by itself. The bounds on the gravitational part are (D − 3)(M −
Mmat) ≤∑a La(Ta − T mata ), and Ta − T mata ≥ 0. Using the definition (3.11) we can write
these as ∑
a
na ≤ D − 3 , na ≥ 0 . (3.14)
As stated above, these bounds are stronger than the bounds (3.6).
4 Examples
In this section we present two simple examples that illustrate the general definition of
gravitational tension.
4.1 Kaluza-Klein black holes
As the first example we consider vacuum solutions of higher-dimensional General Relativity
(i.e. pure gravity) for the Kaluza-Klein type space-times Md × S1 with d ≥ 4 where Md
is the d-dimensional Minkowski space-time. More precisely, we consider all static vacuum
solutions that asymptote to Md × S1 and that have an event horizon. We call these
solutions Kaluza-Klein black holes here.
Define the Cartesian coordinates for Md as t, x1, ..., xd−1 along with the radius r =√
(x1)2 + · · ·+ (xd−1)2. Let moreover z be the coordinate of the S1 with period L. Since
the Kaluza-Klein black holes are asymptotically flat, we may use the expressions (3.3)-
(3.5) to find the mass M and tension T along the compact z-direction. It then easily
follows from these equations that for any given Kaluza-Klein black hole solution we can
write [3, 4]
M =
Ωd−2L
16piG
[(d− 2)ct − cz] , T = Ωd−2
16piG
[ct − (d− 2)cz ] , (4.1)
where ct, cz are read off from the metric components
gtt = −1 + ct
rd−3
, gzz = 1 +
cz
rd−3
, (4.2)
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for r →∞.
We also immediately recover from (3.10), (3.12) the Smarr relation and first law of
thermodynamics in this case [3, 4]
(d− 1)TS = (d− 2− n)M , δM = TδS + T δL , (4.3)
where n = LT /M is the relative tension. Finally, the general relation (3.14) implies the
bounds [3]
0 ≤ n ≤ d− 2 , (4.4)
on the relative tension.
4.2 Near-extremal p-branes
The second example we consider is that of near-extremal p-branes of type IIA/B String
theory and M-theory. As these branes are not asymptotically flat, this provides a nice
application of the general expression (2.26) for gravitational tension.
The near extremal p-brane solution in D = 1 + p+ d dimensions has the form
ds2 = Hˆ−
d−2
D−2
(
−fdt2 +
p∑
k=1
(duk)2 + Hˆ
[
f−1dr2 + r2dΩ2d−1
])
, (4.5)
e2φ = Hˆa , A(p+1) = Hˆ
−1dt ∧ du1 ∧ · · · ∧ dup , , f = 1− r
d−2
0
rd−2
, Hˆ =
hˆd
rd−2
, (4.6)
where the metric is written in the Einstein frame. Here φ is the dilaton (for D = 10),
A(p+1) the gauge potential and a is a number determining the coupling of the A(p+1) gauge
potential to the dilaton. The background asymptotes to the near-horizon limit of the 1/2
BPS extremal p-brane of String/M-theory corresponding to (4.5)-(4.6) with r0 = 0, which
is taken as the reference background when computing the energy and tension.
The relevant tensions in this case are those corresponding to the p spatial world-volume
directions which we take to be compactified on equal size circles of circumference L, so
that the total volume V = Lp. Therefore the tension Tk = T is the same in each direction
uk, k = 1, . . . , p.
Although the Hawking-Horowitz energy computation is well known for these branes we
present for clarity the computation of energy E and tension T in parallel below. Note that
as we are using the extremal p-brane as the reference background, the expressions (2.25),
(2.26) are of course the energy and tension above extremality. To compute these quantities
we first recall that the extrinsic curvature K(D−2) can for our purposes be written as
K(D−2) =
1√
grr
∂r log
√
|gD−2| . (4.7)
Here gD−2 is the determinant of the metric obtained from (4.5) by omitting t, r when
computing E and omitting uk, r (for a particular k) when computing T . We denote the
corresponding expressions by Kt and Ku respectively.
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It is then not difficult to use (4.7) for the metric (4.5) and compute
Kt =
√
f(rm)Hˆ(rm)
−
p+1
2(D−2)
d
2rm
, (4.8)
Ku =
√
f(rm)Hˆ(rm)
−
p+1
2(D−2)
[
d
2
+
d− 2
2
(
r0
rm
)d−2] 1
rm
, (4.9)
where we used rm ≫ r0 since rm is sent to infinity in the end. The corresponding ex-
pressions for the extrinsic curvature of the reference space in both cases are obtained
from (4.8), (4.9) by setting r0 = 0 and substituting rm with reff . Here reff is the radius
corresponding to rm for the reference space, defined so that the metrics for the (D − 2)-
dimensional subspaces are equal. The relation between rm and reff is then obtained by
imposing that the radius of the Sd−1 in the brane space-time is equal to that of the radius
of the Sd−1 in the reference space. In the present case, this simply means that reff = rm to
leading order. Finally, we need for each case the lapse functions and integration measures:
N = (g
(0)
tt )
1/2 = Hˆ
− d−2
2(D−2) ,
√
h =
√
Hˆrd−1m for the energy and F = (g
(0)
zz )1/2 = Hˆ
− d−2
2(D−2) ,√
h =
√
Hˆrd−1m for the tension.
Using all this in (2.25), (2.26) we have the final results
E =
d
2
V Ωd−1
16piG
rd−20 , LT = −
d− 4
2
V Ωd−1
16piG
rd−20 , (4.10)
for the energy and spatial world-volume tension of a near-extremal p-brane. Note that
the quantity −E + pLT is the trace of the (integrated) energy-momentum tensor on the
brane, which is zero only for the non-dilatonic (D3, M2, M5) branes. We remark that the
tension was calculated via a different method in Refs. [5, 8] (see also e.g. Refs. [6, 7]).
It is actually more natural to use instead of tension the pressure given by
P = −LT
V
=
d− 4
2
Ωd−1
16piG
rd−20 . (4.11)
The pressure is positive for d > 4, which includes the near-extremal D3, M2 and M5 brane.
In these cases, we can interpret the pressure directly in terms of the massless excitations
of the corresponding field theory at finite temperature.
To consider the thermodynamics of the near-extremal p-brane we use the well-known
results for temperature and entropy
T =
d− 2
4pi
hˆ
− d−2
2
d r
d−4
2
0 , S =
V Ωd−1
4G
hˆ
d−2
2
d r
d
2
0 . (4.12)
It is then easy to show that the tension is directly related to the Helmholtz free energy
LT = F , F = E − TS . (4.13)
Together with the identification of the pressure (4.11) this implies that the Gibbs free
energy vanishes for near-extremal p-branes
G = 0 , G = E − TS + PV . (4.14)
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It is actually not difficult to verify that any conformally invariant theory in p+1 dimensions
has G = 0. Here, however, we see that it holds for all near-extremal p-brane theories,
regardless whether they are conformal or not. Finally, we note that it is a simple task
to explicitly check that the first law δE = TδS − PδV is satisfied using the pressure in
(4.11).
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A Reduction to ADM-type formula
We show in this appendix how the general tension formula (2.26) reduces to the ADM-type
formula (3.2) for asymptotically-flat space-times. Write g
(z)
mn = ηmn + hmn as the metric
on the (D − 1)-dimensional subspace transverse to the z-direction. Since the reference
space-time is flat we can choose the metric of the reference space-time as ηmn. This means
that hmn should be zero on S
∞
z for the tangential directions.
We now first consider the case of S∞z being a hyper-cube. In the flat reference back-
ground each side of the hyper-cube is defined by one of the 2D − 2 relations xi = ±α,
i = 1, ...,D − 1. α is then sent to infinity in the end. Then (2.26) becomes
T = − 1
∆t
1
8piG
∫
S∞z
dD−2x
(
K(D−2) −K(D−2)0
)
. (A.1)
We focus below without loss of generality on the side x1 = α. For the reference space-time
the unit normal vector is simply (r0)
m = δm1. For the asymptotically-flat space-time it is
instead rm = δm1 − 12ηmnhn1.6 We have then
K(D−2) = D(z)m r
m = ∂mr
m + Γmmnr
n =
1
2
[
−∂nhnm + ηnl(∂mhnl)
]
rm , (A.2)
where we used that ∂mr
m = −12∂nhn1 = −12∂nhnmrm and that Γmmn = 12ηml(∂nhml) to
first order in hmn. Since K
(D−2)
0 = ∂m(r0)
m = 0 we get therefore
K(D−2) −K(D−2)0 =
1
2
[
−∂nhnm + ηnl(∂mhnl)
]
rm . (A.3)
Eq. (A.3) clearly holds for all the sides of the hyper-cube. Therefore, (A.1) gives
T = 1
∆t
1
16piG
∫
S∞z
dD−2x
(
∂nhnm − ηnl∂mhnl
)
rm , (A.4)
6This is because x1 = α is not the equation for the hypersurface in the asymptotically-flat space-time
since the metric is not the Minkowski metric. To find the normal vector notice that we have the inverse
Vielbeins ema = δ
m
a −
1
2
ηmnhna so that g
mn = ηabema e
n
b . From the fact that the Vielbeins precisely relate a
Minkowski metric to the asymptotically flat metric, we get then that rm = ema (r0)
a = em1 = δm1−
1
2
ηmnhn1.
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which clearly is the same as (3.2). One can now generalize to other hypersurfaces S∞z . First
we can generalize to surfaces build up by rectangular surfaces of the type xm = constant.
For a general hypersurface S∞z we can then find surfaces built out of rectangular surfaces
that are arbitrarily close to S∞z , thus proving that it works for general surfaces also.
B Mass and tension from linearized Einstein equation
In this appendix we solve the linearized Einstein equations for a static distribution of
matter localized on the RD−k−1 times a k-torus Tk. The derivation builds on that of
Refs. [2, 3, 4].
We first define for any energy-momentum tensor Tµν the tensor
Sµν ≡ Tµν − 1
D − 2ηµνT , T = Tµ
µ . (B.1)
Then, by eliminating the Ricci scalar R, the Einstein equations with the matter energy-
momentum tensor Tmatµν can be written in the form
Rµν = 8piGS
mat
µν , (B.2)
where Smatµν is related to T
mat
µν via (B.1). In the linearized approximation gµν = ηµν + hµν
we have that
Rµν = R
(1)
µν − 8piGSgrµν , (B.3)
where
R(1)µν = −
1
2
[hµν + (hλ
λ),µν − (hµλ),νλ − (hνλ),µλ] , (B.4)
and Sgrµν determined via (B.1) by the energy-momentum tensor contribution T
gr
µν of the
gravitational field relative to the D-dimensional Minkowski background. Note that Sgrµν
collects all higher-order terms of Rµν . In the weak-field approximation the Einstein equa-
tions thus reduce to the system
hµν + (hλ
λ),µν − (hµλ),νλ − (hνλ),µλ = −16piGSµν , Sµν = Sgrµν + Smatµν , (B.5)
and Sµν depends on the total energy-momentum tensor, given by the sum of the gravita-
tional and matter part, Tµν = T
gr
µν + Tmatµν .
Consider now a D-dimensional space-time with k compact directions za, a = 1, . . . , k
of periods La, and D − k − 1 transverse directions xi, i = 1, . . . ,D − k − 1. The spatial
part is thus of the from RD−k−1×Tk, where Tk = (S1)k is a rectangular k-torus. The flat
metric thus reads
ds2 = −dt2 +
k∑
a=1
(dza)2 +
D−k−1∑
i=1
(dxi)2 = −dt2 +
k∑
a=1
(dza)2 + dr2 + r2dΩ2D−k−2 , (B.6)
where we have defined r2 =
∑D−k−1
i=1 (x
i)2.
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We consider a static distribution of matter localized on RD−k−1, and assume a diagonal
energy-momentum tensor Tµν with non-zero components
T00 , Taa , Tii . (B.7)
Here T00 is a function of (z
a, xi), while a given Taa depends on all these coordinates except
za, because of energy-momentum conservation. We also assume that the resulting space-
time metric is asymptotic to the flat metric (B.6), so that Tµν vanishes in the limit r→∞
(sufficiently rapid). Now, energy-momentum conservation implies
∑
i ∂iTij = 0 so that we
can use partial integration to write∫
dD−1xTii =
∫
S∞
dSjx
iTij = 0 , (B.8)
where the first step uses Tii = ∂j(x
iTij) along with Gauss law (S∞ = S
D−k−2 × Tk) and
in the last step we used the vanishing of Tij at spatial infinity in the transverse space. As
a consequence of (B.8) we find in particular that the bulk integrals
∫
dD−1xTii = 0 for the
non-zero components Tii in (B.7).
To obtain the relation between the total energy M and tensions Ta in the compact
directions defined by (3.8) and the asymptotics of the metric, we now solve the linearized
Einstein equations (B.5) for the energy-momentum tensor (B.7). We use the fact that the
metric perturbation hµν is time-independent, along with the fact that it is asymptotically
diagonal. Then (B.5) reduce to the set of equations
∇2h00 = −16piGS00 , ∇2haa = −16piGSaa , a = 1, . . . , k , (B.9)
−2
D−k−1∑
i,j=1
(hij,ij − hii,jj)−∇2h00 +
∑
a
∇2haa = −16piG
D−k−1∑
i=1
Sii , (B.10)
where ∇2 is the Laplacian operator on RD−k−1 × Tk.
We focus first on the 1 + k equations in (B.9). Using the definitions for the mass M
and binding energies Ta in (3.8), (B.8) as well as (B.1) and (B.8), these are easily solved
to leading order yielding
M = − 1
D − k − 3
1
16piG
∫
S∞
dSi[(D − k − 2)h00,i −
∑
a
haa,i] , (B.11)
LaTa = − 1
D − k − 3
1
16piG
∫
S∞
dSi[h00,i − (D − k − 2)haa,i −
∑
b6=a
hbb,i] . (B.12)
These are surface integrals over S∞, which is the (D − k − 2)-sphere at infinity times
the k-torus Tk. From these we obtain the expressions (3.3), (3.4) in terms of the leading
corrections (3.5) of the metric at infinity.
It remains to show that M and Ta in (B.11), (B.12) (and hence the definitions in (3.8),
(B.8)) actually agree with the ADM formulae (3.1), (3.2) obtained for the asymptotically
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flat case from the general Hamiltonian treatment. For the case at hand, these can be
written as
M (ADM) =
1
16piG
∫
S∞
dSi[hij,j − hjj,i − haa,i] , (B.13)
LaT (ADM)a =
1
16piG
∫
S∞
dSi[hij,j − hjj,i + h00,i −
∑
b6=a
hbb,i] , (B.14)
where we remind the reader that repeated indices are summed over. To this end, we use
the linearized Einstein equations (B.10) in the transverse space. Using Eq. (B.9) we can
rewrite this relation as
1
16piG
(hij,ij − hii,jj − haa,ii) = 1
2
(S00 + Saa + Sii) . (B.15)
Integrating this equation over all spatial dimensions, we see that the left side is the ADM
mass formula (B.13). On the other hand, for the right side we may use (B.1), (3.8) and
(B.8) to show that 12
∫
dD−1x (S00 + Saa + Sii) = M . We thus conclude that the relation
(B.15) tells us that M = MADM. Turning to the ADM tension (B.14), rearranging terms
this can be written as
LaT (ADM)a =
1
16piG
∫
dSi[∂i(h00 + haa) + (hij,j − hjj,i − hbb,i)]
= (−M + LaTa) +MADM = LaTa , (B.16)
where we used (B.11), (B.12), (B.13) in the second step, and in the last step the fact that
we already showed M = MADM. Thus the definitions of the tensions also agree, and we
can omit the label “ADM”.
C Proof of generalized Smarr formula
To derive the Smarr formula we consider the Komar integral
IS = − 1
16piG
∫
S
dSµνD
µξν , (C.1)
where S is a (D − 2)-dimensional hypersurface and ξ is a Killing vector for the metric.
Consider now a static solution on RD−k−1 × Tk with an event horizon. Consider further-
more a certain time t = t0. Define Sh to be the null-surface of the event horizon at t = t0.
We also choose a (D − 2) dimensional surface at r = ∞ for t = t0, which we call S∞, so
that essentially S∞ = S
D−k−2 × Tk. By Gauss theorem we have
ISh− IS∞ =
1
16piGN
(∫
S∞
dSµνD
µξν −
∫
Sh
dSµνD
µξν
)
=
1
8piGN
∫
V
dSµDνD
µξν , (C.2)
where V is the (D − 1)-dimensional volume between Sh and S∞ so that ∂V = Sh ∪ S∞.
Now we use that for a Killing vector we have DνD
µξν = Rµνξν along with the fact that
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the sourced Einstein equation Rµν = 8piGS
mat
µν holds everywhere in V , as we are away
from the black object. We thus have
ISh = IS∞ +
∫
V
dSµ(S
mat)µνξ
ν . (C.3)
Since we have a static solution we can choose ξ to be the time-translation Killing vector
field, i.e. ξ = ∂/∂t. We then compute [16]
ISh = −
1
8piGN
∫
Sh
dAkν(Dνk
µ)nµ = − κ
8piGN
∫
Sh
dAkµnµ =
κA
8piGN
= TS . (C.4)
On the other hand we have asymptotically
IS∞ = −
1
16piGN
∫
S∞
dS0r∂rg00 =
1
D − 2
[
(D − 3)M −
∑
a
LaTa
]
. (C.5)
Here we first used that the non-zero components of Dµkν are D0kr = −Drk0 = 12∂rg00 to
leading order, and (B.11), (B.12) are used in the last step. Finally we need to compute
the last term in (C.3) which reads
∫
V
dS0(S
mat)00 = − 1
D − 2
∫
dD−1x
[
(D − 3)Tmat00 +
∑
a
LaT
mat
aa
]
= − 1
D − 2
[
(D − 3)Mmat −
∑
a
LaT mata
]
, (C.6)
where we recall the definition (B.1) of Sµν . Putting it all together then yields the Smarr
formula
(D − 3)(M −Mmat) = (D − 2)TS +
∑
a
La(Ta − T mata ) . (C.7)
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